Abstract. We prove that for every pair of positive integers a, b there exists a number c 0 such that for every c ≥ c 0 one can find a tame polynomial automorphism of C 3 with multidegree equal to (a, b, c).
Let F = (F 1 , . . . , F n ) be a polynomial automorphism of C n (although the results in this paper are valid over an algebraically closed field k of characteristic 0, see for ex. [1] for general information about polynomial automorphisms). We define the multidegree of F as mdeg F := (deg F 1 , . . . , deg F n ), where deg means the total degree of a polynomial. It is an open question whether every n-tuple (d 1 , . . . , d n ) of positive integers is a multidegree of some polynomial automorphism of C n . The case n = 1 is obvious, since deg F = 1 if F is a polynomial automorphism. In the case n = 2, due to Jung-van der Kulk theorem (cf. [1] and [3] for the original proof), we must have deg
. The case n = 3, however, seems much more complicated: one cannot even say (to the author's knowledge) whether there exists a polynomial automorphism with multidegree equal to (3, 4, 5)! A recent result by M. Karaś ([2] ) shows that if such an automorphism exists, it is not tame (see definition below and cf. [4] ).
From now on we will focus our attention on the case n = 3 and write (a, b, c) instead of (d 1 , d 2 , d 3 ) for the given multidegree. Without loss of generality we may assume that c ≥ b ≥ a. We will calculate an integer c 0 (depending on a and b) such that for every c ≥ c 0 one can find a polynomial automorphism of C 3 with multidegree (a, b, c). Moreover, all automorphisms we introduce are tame -they are compositions of linear and elementary maps (F = (F 1 , . . . , F n ) is elementary if for some j ≤ n and a polynomial g in n − 1 variables F j = X j + g(X 1 , . . . , X j , . . . , X n ) and F i = X i for i = j). First, let us prove some simple facts about multidegrees. (2) a|b or
Then there exists a tame automorphism of C 3 with multidegree (a, b, c).
Proof. We will explicitly show the required automorphism:
Case a = 1 is trivial, so let a = 2. If 2|b we are done due to (2) .
So let b -odd and c = b + m, m ≥ 0. If m is even, then c is a linear combination of b and 2; if m is odd, then c is even -in both cases we are done due to (1) .
Therefore in the following we assume that c > b > a > 2. Proof. Step 1. We will first show an automorphism for c ≥ lcm(a, b) − a. Let e := lcm(a, b) and write c = e + (k − 1)a + m for some k ≥ 0 and 0 ≤ m < a. Let us take
and consider the composition
e/a i
e/b j y j z e−jb and, provided that m > 0, the highest order monomial in v is e/a z m z e−a . Therefore for m > 0 the degree of the third coordinate of F equals ka + m + e − a = c. If m = 0, then c = (e/a + k − 1) a and we can take F = (x, y, z + x e/a+k−1 ) • (x + z a , y + z b , z).
Step 2. Thanks to step 1, we must only find an automorphism F with multidegree (a, b, c) for e − r ≤ c < e − a. Let us take m := b + c − e (note that 0 < m < b) and
where u is a polynomial of degree < b. Consider the composition
where
where all the indices k 1 , . . . , k j vary from 1 to ⌊b/a⌋. One easily checks that the sum e/b j
Specifying u i this way guarantees that the degree of the third coordinate of F is equal to the maximum of: deg(yx there are only following triples "left": (4, 14, 15), (6, 27, 28), (8, 44, 45) , ..., (2n, (2n + 3)n, (2n + 3)n + 1).
